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Response of Double-Wall (Sandwich) Circular Plates to
Random Excitations— Analytical Approach
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This article presents an analytical approach for the general response of double-wall circular plates subjected
to random excitations. The excitations are either uniform random pressures or stationary random point loads.
The double-wall construction is separated by a soft linear viscoelastic core. The equations of motion are developed
for thin circular plates using Love’s theory which has been modified to account for the coupling provided by
the viscoelastic core. The analytical solution of forced response is obtained via modal decomposition and a
Galerkin-type approach. Numerical results investigate the effect of coupling and structural parameters for

response minimization.

Introduction

ECENTLY a variety of circular plates have been exten-

sively used as important structural elements in many
transportation structures: aircraft, missiles, lJaunch vehicles,
space structures, construction in orbit, and weapons systems.
To accommodate many of the requirements, new design con-
cepts are needed. Past studies have demonstrated that sand-
wich construction might be an effective way of dissipating
vibrational energy.*~5 Therefore, implementation of sandwich
construction might prove to be a useful alternative in the
design process.

Plate vibration problems have increased in practical im-
portance, and there have been many relevant papers®’ and
books®® which include complicating factors such as anisot-
ropy, imperfections, elastic foundations, stiffeners, and hy-
grothermal effects.’®-2 However, most of these studies do
not include the sandwich construction of the circular plates.

This paper presents an analytical study and a computational
(finite element) verification model for the general response
of double-wall circular plates subjected to random excitations.
The excitations are either uniform random pressure or a dis-
tribution of stationary random point loads that are uncorre-
lated in space. Both types of loading are characterized by
truncated Gaussian white noise spectral densities, i.e., the
temporal correlation functions of the excitations are rapidly
decaying sinusoidal functions. The double-wall construction
is separated by a soft linear viscoelastic core that allows in-
phase (flexural) and out-of-phase (dilational) motions of the
system.'>-*> The geometric details and location of random
point loads are shown in Fig. 1.

The equations of motion, for the analytical approach, are
developed for thin circular plates using Love’s theory,'¢-%
which has been modified to account for the coupling provided
by the viscoelastic core.*'3-1* Since it is assumed that the core
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is soft, bending and shearing stresses in the core can be ne-
glected, and consequently, its behavior can be described by
a uniaxial constitutive law. Furthermore, the inertia effects
of the core follow a linearly apportioned mass distribution
law. The boundary conditions for the system are taken to be
simply supported, which from a physical viewpoint represent
either circular knife-edge supports or hinges. Henceforth, the
boundary value problem is mathematically defined.

The general solution of forced response is obtained via
modal decomposition and a Galerkin-like approach.**!! Ini-
tially, the deflection response is written as a series expansion
in terms of time-varying generalized coordinates, and the nor-
mal modal eigenfunctions. The modal eigenfunctions are writ-
ten in terms of Bessel functions, modified Bessel functions,
and transcendental functions® that are chosen to satisfy the
appropriate boundary conditions. The arguments of the Bes-
sel functions constitute solutions to the characteristic fre-
quency equation obtained from the boundary conditions. Us-
ing the orthogonality principle of the modal functions, the
problem is reduced to a set of coupled differential equations
for determining the generalized coordinates. Taking the Four-
ier transformation of these equations and maximizing the so-
lutions for generalized coordinates, the coupled natural fre-
quencies for the system are obtained. The series solution for
the complex response, in the frequency domain, is then given
in terms of generalized coordinates and modal eigenfunctions.
The spectral density of the response can be estimated by
taking the mathematical expectation of the solution series.?”

The finite element model employs the NASTRAN finite
element code.?® It consists of 1026 nodes (6156 dof) and 1529

_—Outer Plate

Inner Plate

Fig. 1 Double-wall circular plate.
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two-dimensional elements. The viscoelastic core is modeled
using spring stiffness elements. An eigenvalue modal analysis
(SOL 3) is performed where the natural frequencies and modal
shapes are determined and compared to the closed formed
solutions.

This paper contains deflection response spectral densities
for uniform random pressure exitation and random point loads,
as well as mode shapes and frequencies, and comparisons
between the analytical and the computational (finite element)
approaches. The results show very good agreement. It is also
shown that with proper selection of the dynamic character-
istics the response levels can be reduced.

Analytical Model
Consider the two circular plates shown in Fig. 1 that are
simply supported around the edges. The boundary conditions
for deflection and radial bending moment at the edges are

wrp(r,0) =0 at r=R (1)
62
M(r, 8) = —DTB{ W;’B + Vrg
> ar »
1dwy s 1 Pwrp
C - 22 — 22 = — 2
(r o +r2 IYe 0 at r=R 2)

where wy. , are the normal displacements of the midsurfaces
of the top (exterior) and bottom (interior) circular plates re-
spectively. R is the plate radius, v, is the Poisson’s ratio for
the top and bottom plate. D, are the top and bottom plate
rigidities which are given as

3
ETZBhTEB

Prs = B0 - ) ©

in which E; 5 are the elastic modulii, and %, 5 are the thick-
nesses of outer and inner circular plates. The governing equa-
tions of motion of the two plates, coupled through a linear
soft core, can be written as*116.17
D, V4w, + cpWy + mpw, + k(wy — wg) + Imi,
+ smavy = —pi(r, 0, 1) 4

DyViwg + cpWy + mpWy + k(wp — wr) + 3mWy

+ %msz = pB(r: 97 t) (5)
where

Myp = prshes (6)

mS = pShS (7)

9?2 19 1 2 ? 14 1 92
V4 — -~ e e — —_— e
<6r2 * ror * r? 620) <6r2 * ror r? 620> ®

The subscripts 1z denote the top and bottom plates and s
denotes the core. The pressures p,(r, 8, t) and p(r, 6, t) are
the random excitations applied to the top and bottom plates.
¢r.5, My g and py p are the damping coefficients, surface den-
sities, and mass densities of the circular plates, respectively.
my, and p, are the surface density and mass density of the soft
core. The stiffness of the core is represented by a linear vis-
coelastic spring, k, = ko(1 + ig,), where k, is the spring
constant, g, is the loss factor, and i = V —1. In obtaining
Egs. (4) and (5) it was assumed that the mass of the core
follows an apportioned linear distribution.

The solution to Eqs. (4) and (5) can be expressed in terms
of normal modes

wilr, 0.0 = 3 3 A0 Xyr0) )

Wwalr, 0.1) = 3 S wAL() Xoy(r 6 (10)

s=0 g=

where A, and zA,, are the generalized coordinates of top
(exterior) and bottom (interior) circular plates, and X,,(r, 6)
are the circular plate modes. These modes have to satisfy the
boundary conditions. Thus, we may choose a combination of
Bessel and modified Bessel functions in the radial direction,
and a cosine function in the tangential direction. The function
in the radial direction has to satisfy Eq. (1), which leads to
circular plate modes given by

X, = R, (r) cos(s9) 11
where
Ry(r) = 1kar) = 768 L0k (12)

in which J, and I, are Bessel functions and modified Bessel
functions of the first kind respectively, and A, is the gth root
of the frequency equation
Js+1(A) Is+1(A) 2A
+ =
W L 1o 49

Equation (13) is obtained by substituting Egs. (11) and (12)
into Egs. (1) and (2) and using relationships which relate the
derivatives of Bessel functions to high order functions, along
with Bessel recurrence formulas.'®2-%¢ Some details of the
derivation are given in Appendix A. In equation (13) A =
kR, k* = w?*m/D and consequently

Ay = kR (14
k?

2 = 1.80Mrs/Dr g (15)

Substituting Eqgs. (9) and (10) into Eqs. (4) and (5) and
using the orthogonality principle (see also Appendix B), gives
a set of coupled differential equations in ;A4 and zA . Tak-
ing the Fourier transform of these equations it can be shown
that

TAsq(w) = THS (w)

my
'{Bfisq(w) (ks + %msaﬂ) + %‘7(—‘0—)} (16)

pg(w) = )
mg

. 1 p
-{TAW(w) (ks + ngaﬂ) + B—Pf.q@} (17)
sq
where
1

T,Bqu(w) = (18)

w?, — w? Y15 | e Lfrp + ke

1B mrp mrp Mrp
Yrs = Mrp t+ sm, (19

R

27
T,BPsq(w) = ¥ f L pT,B(r> 6’ w) qu(r’ 0) r dr de (20)

0
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0, = LR f:ﬂ [X,,(r, ) r dr d6 = {gfézq 7o
1)
and
R [ 2\
qu = _2‘ {Js (Asq) + (1 - )tz) J ()\sq)}
- L0 ) - 0 L)

I ) o - po)

T,ngq = k;‘qDT,B/mT,B (23)

Furthermore, a ( )’ indicates differentiation with respect to
the spatial variable r, and a bar indicates transformed quan-
tity. Equations (21) and (22) represent the orthogonality con-
dition, which involves integrations of combinations of Bessel
and Modified Bessel functions. Details of the orthogonality
condition are offered in Appendix B.

The coupled natural frequencies w¢, are the points at which
the relative maxima of Eq. (18) occur. This in turn suggests
that the relative maxima of the coupled Egs. (16) and (17)
should be determined. Thus, the procedure to obtain the
frequencies starts by setting ¢; = ¢ = g, = 0in Eq. (18)
and substitute (18) into (16) and (17). Then. eliminating zA,,(w)
from Eq. (16) results in a fourth-order equation for the cou-

pled frequencies w¢,, whose solution is

1 12
wg, = {55 [=bs, = (b5, — 4a dsq)”z]} (24)

where
a =vyrys — (sm,) (25
= (r@Lpr + k)vs + (30Lps + k)yr + kmJ3  (26)
dy = (fpr + k)(z0ips + k) = k7 27)

Equation (24) gives two characteristic values for each set of
modal indices (s, g). These roots are associated with in-phase
flexural and out-of-phase dilatational vibration frequencies of
the sandwich construction.

The excitations applied to the top and/or bottom circular
plates are assumed to be uniform random pressure or random
point loads as shown in Fig. 2 for which the spectral densities
are specified. In the case of uniform pressure input the gen-
eralized random forces reduced to

rsPug(@) = {(Z)WILquT,B(w) =0 o
where
_ R  TolAey)
Mog = kOq {]1(/\04) 17 ()\ ) ——i- ] (Aoq)} (29)

and p g(r, 0, w) is the Fourier transform for spatially uniform
pressure input pr (7, 0, 1).

The random loads acting on the top and bottom plates are
expressed in terms of two point loads F{-# and FI-® as

prlr, 0,0) = {F{(r) 8(6 — 61) 8(r — 1)

ATAT

+ FI(1) 8(8 — 67) 8(r — D)} (30)

CIRCULAR PLATES

1
py(r, 0, 1) = m{Ff(t) 86 — 6f) 8(r — rP)

+ FE(r) 8(0 — 62) 8(r — )} QY
where ;5 denote the external and internal loads, & is the Dirac
delta function and for a circular plate® A%7 = 1, AZT = r.
Also, rT'B, 678 and rIB, 6% correspond to the position of

load FT°® and FI-® respectively. The generalized random forces
corresponding to point loads given in Eqs. (30) and (31) are

P (0) = {FT(w) X, (rT, 67) + FI(0) X,,(rF, 60)}  (32)
sPy(w) = {FP(0) X, (], 07) + Fi(w) X,,(r, 68)}  (33)
Following the procedures of Ref. 27 and assuming the point

loads are stationary and independent, the spectral densities
of normal plate deflections w,, wy can be determined from

T,BSw(ra 0, w) = Zo 21 2) kE] {T,B®:q (T,B®;l1<c) T,BSsqjk(w)
$5~0g=1j=0 k=

£ Ay (A S0 )Q;’Q(,k (34)
where

e (35)

M) = 10,0 () (1 1 L) o

Do) 1 - THal®) (o) (et dmery

M g

The asterisks in Eq. (34) denote complex conjugates, and
5,1554; are the cross-spectral densities of the generalized ran-
dom forces.

For two stationary independent point loads acting on the
external plate, using Eqs. (32) and (33) it may be shown* that
the cross-spectral density of the generalized forces 1.5, (w)
may be determined from

rSsqi(@) = {SE(w) X, (], 6])

+ Sh(w)

Xjk(r{y o)
qu(r;-a OD ‘Xv]k(r;’ 9;)} (38)

where ST, and S7, are the spectral densities of the point loads
FT and FI. Similar expressions can be developed for point
loads acting on the interior plate.

Numerical Results
Numerical results presented herein are for a double-wall
circular plate as the one shown in Figs. 1 and 2.
The dimensions of the double-wall circular plates are taken

to the radius R = 58 in., core thickness A, = 2 in. The
/—Vilcoelutic Core
T
P B
T =11
ry B
1
__{,__.,x
T
T I, rB
F 2
2 B
2
SN

Fig. 2 Location of random point loads.
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thicknesses of the inner and outer plates are h, = h; = 0.25
in. The stiffness and material density of the core are, k, =
4.17 [by/in.? and p, = 3.4 x 10° ib, — s%*in.*. Both end plate
systems are composed of aluminum, with elastic moduli E,
= Ep = 10.5 x 10° psi, Poisson’s ratios v, = vz = 0.3 and
material densities pr = pg = 0.000259 b, — s%in.*. The
viscous damping coefficients ¢, and ¢ are expressed in terms
of modal damping ratios {7 and £Z corresponding to the outer
(top) and inner (bottom) plates, respectively. The loss factor
accounting for damping in the soft core of the double-wall
plate system is taken to be g, = 0.02.

The input random pressures p,, pg, and the point loads
FT, FE(j = 1, 2) are assumed to be characterized by truncated
Gaussian white noise spectral densities.

s _)8.41 x 1077 (psi)¥Hz 0 < f <1000 Hz (39)
rrre | () otherwise
0.84 Ib3/Hz 0 < f < 1000 Hz
Shk = {0 g othe{wise (40)

The spectral densities given in Eq. (39) correspond to a 100
dB sound level. The magnitudes of input point loads char-
acterized by spectral densities given in Eqgs. (39) and (40)
were selected in such a way that the resulting maximum cir-
cular plate response is linear and equal to about one-half the
value of the outer plate thickness.

The core separating the double-wall end plate construction
is taken to be relatively soft in order to allow for dilational

1.0
s,..4 of nodal
diameters

] \ -
Xsq \< q=1
i q..#¢ of nodal

circles

AN

-0.5

| B o i N S S S D N AN A D S N R L L BN R N L
0 10 20 30 40 50 60

r(in)
Fig. 3 First structural mode of the double-wall circular plate (finite
element solution).

Table 1 Coupled modal frequencies

s q D, Hz F, Hz s q D, Hz F, Hz

0 1 57.4517 35678 2 1 60.2477 18.4883
0 2 61.2197 21.4450 2 2 76.4402 50.5483
0 3 78.4144 53.4869 2 3 112.5142 96.8064
0 4 115.1318 99.8367 2 4 167.5470 157.4294
0 5 169.9609 159.9963 2 5 238.6752  231.6849
0 6 241.6965 2347966 2 6 325.9345 320.8490
0 7 328.6345 323.5924 2 7 427.6605 423.8004
0 8 430.4361 426.6012 2 8 544.0834  541.0486
0 9 547.2275 5442151 2 9 675.0477  672.6002
0 10 678.5546 576.1352 2 10 820.9465 818.9479
1 1 58.2062 9.9993 3 1 64.1809 28.8309
1 2 67.1581 349606 3 2 89.0700 68.1579
1 3 93.6944 74.0991 3 3 134.2777 121.4190
1 4 139.7819 127.4795 3 4 197.6342 189.1329
1 5 203.0434 1947783 3 5 276.9535 270.9519
1 6 2824519 2765709 3 6 371.2432  366.7382
1 7 377.0500 372.6645 3 7 480.5413 477.1080
1 8 486.0809 482.6870 3 8 604.2222  601.4952
1 9 610.0399 607.3391 3 9 742.9498  740.7407
1 10 748.0262 745.8323 3 10 895.3002  893.4334

s = number of nodal diameters; ¢ = number of nodal circles; F = flexural
frequencies (Hz); D = dilatational frequencies (Hz).
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modes to be present. The coupled modal frequencies of the
double wall aluminum caps for s = 0, 1, 2, 3 (number of
nodal diameters) and ¢ = 1, 2, ... 10 (number of nodal
circles) are given in Table 1 where F, D represent the in phase
(flexural) and out of phase (dilatational) motions of the dou-
ble-wall circular plates, respectively. The natural frequencies
are not in increasing order. The first mode corresponds to s
= 0 (no nodal diameters) and ¢ = 1 (one nodal circle); the
second mode tos = 1, g = 1; the third mode tos = 2, g =
1, etc. The frequency of the first dilatational mode comes
after seven flexural modes have occurred. The first three
structural modes for zero number of diametrical nodes are
shown in Fig. 3.

A finite element was obtained to verify the theoretical re-
sults. The NASTRAN finite element code was used. The
model consists of 1026 nodes (6156 degrees of freedom) and
1529 two-dimensional elements. The viscoelastic core of the
sandwich construction is modeled using spring stiffness ele-
ments. The fundamental frequency obtained by the finite ele-
ment model is 3.60 Hz, and the corresponding modal shape
is depicted in Fig. 4. It corresponds to an in-plane overall
bending mode with zero nodal diameters and one modal circle
(boundary). The corresponding theoretical value (s = 0, ¢

Fig. 4 Second structural mode of the double-wall circular plate (finite
element solution).

Fig. § Structural modes of circular plates.

R hy = 0.25 in

-100

=150

o 200 400 600 800 1000

Frequency (Hz)

Fig. 6 Deflection of inner plate for different thicknesses of the outer
plate.
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= linTable1)is3.57Hz. The second mode isat 10.1 Hz (closed
form solution is 9.99 Hz) and shown in Fig. 5. The second
mode corresponds to one nodal diameter and one nodal circle.
Very good agreement was found for all the next 10 modes.
The values for the frequency from the finite element model
and the theoretical one are almost identical to the first decimal
point. From these results it is evident that there is excellent
agreement between the closed form and the finite element
predictions (at least at the lower frequency range).

The response level (RL), in units of decibels (dB), for the
top (exterior) or bottom (interior) plate of the sandwich con-
struction can be evaluated using

RL72(r, 6, 0) = 10 log {——————T»Bsw(” 6, ) A“’} (41)
rel

where the reference deflection w,, is taken to be w,, = 0.032
in.

The response levels, as given by Eq. (41), of the inner plate
of the double-wall end cap construction are illustrated in Fig.
6 for various thicknesses of the outer plate. These results are
for a uniform random pressure input, as given by Eq. (39),
acting on the other plate. The modal damping ratios are as-
sumed to be constant, {7 = (5 = [, = 0.06, and the loss
factor in the core g, = 0.02. The thickness of the inner plate
was taken to be iy = 0.25 in. For a uniform random pressure
excitation, only the modes with s = 0 (i.e., no nodal diam-
eters) are excited. As can be seen from Fig. 6, the response
levels of the inner plate are significantly higher at most values
of the lower frequency range when the thickness of the outer
plate is &, = 0.05 in. However, the trend is reversed when
the thickness of the outer plate increases to h; = 0.25 in. and
hry = 0.5 in. It should be noted that for A, = 0.05 in., the
response level of the inner plates almost reaches the nonlinear
range, and, therefore, assumptions made in the formulation
of the theory may be violated. At higher frequency values
and h; = 0.5 in., significantly lower response levels for the
inner plate are observed.

ri=rg= 20 in. 6]=-90,67=50"

rl=r3~ 10 in. o]~ 0°,67=180°

-100 L t ! 1
[ 200 400 600 800

Frequency (Hz)

Fig. 7 Response levels of outer plate for different location of point
loads (exterior).

ri=ri= 28 in. 8 =-90°,0°=00°

T

1 2
T

17F

=251 . R <
RL (aB)| Y i:

-100.

T T
2 1
7= 10 in. 61= 0°,63=180°

L ] 1 1
0 200 400 600 800

~125"—
Frequency (Hz)

Fig. 8 Response levels of inner plate for different location of point
loads (exterior).

The effect on structural response due to changes in location
of point loads is presented in Figs. 7 and 8. In this case, the
thicknesses of the plates are taken to be Ay = Ay = 0.25 in.
The two point loads are acting on the outer plate and char-
acterized by the spectral densities given in Eq. (40). The
response levels for both the inner and outer plates are cal-
culated at r = 0 in. (i.e., at the center of the plate) and 6 =
45 deg. In Fig. 7 results are presented for the outer plate
response due to two point loads acting on rf = r7 = 28 in.
67 = —90deg, 67 = 90 deg,and r7 = rI = 10in. 67 = 0
deg, 67 = 180 deg. As can be seen from these results, response
levels are significantly higher at most modal frequencies when
the point loads are located at ¥ = rI = 10 in. and 67 = 0
deg, 87 = 180 deg. Furthermore, the number of participating
modes in the response calculation is increased. However, the
response level at the fundamental modal frequency (3.73 Hz)
is approximately the same for both of these cases. In Fig. 8,
results are presented for the vibration response of the inner
plate. From the results shown in Figs. 7 and 8 it can be said
that at the first two modal frequencies the response levels for
both the inner and outer plates are about the same and not
strongly dependent on the location of point load application.

Conclusions

An analytical model has been developed to predict the
forced response of double-wall circular plate constructions to
random loading. Results indicate that response levels are sen-
sitive to the nature of loading (i.e., uniform or point loads)
and the properties of the viscoelastic core. Coupling of the
plates, due to structural parameter fluctuations, can also be
used to tailor the response of the sandwich construction. Dif-
ferent material characteristics or different geqmetry may be
used to relocate some of the response peaks and reduce their
amplitude. However, only specific frequency ranges will be
affected. For example, thinner plates tend to amplify the re-
sponse at low frequencies while having an opposite effect at
higher frequencies. Finally, the response levels do not seem
to be strongly dependent on the location of point load ap-
plication, as expected.

Appendix A: Frequency Equation

The displacement solution in terms of normal modes is
given in Eqs. (9) and (10) as

WT,B(r’ 0’ t) = EO 21 T,BAsq(t) qu(r’ 0) (Al)
s=0 g=
where

X, (r, 0) = {Js(k:qr) - %\i’%]s(ksqr)} cos(s8) (A2)

The frequency equation can be determined by substituting
Eq. (Al) into the boundary condition [same as Eq. (2)]

M(r,8) = =Dy

1 3Pwyp
4 = —L= = =R
ar 2 96? )} 0 at r

(A3)

The substitution will involve first and second derivatives of
the Bessel and modified Bessel functions. Recurrence for-
mulas for Bessel functions and Lommel’s polynomial can be
used to simplify the expression. The following expressions can
be proved using basic recurrene formulas:

Joa(z) =

D) @-1 A
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@ =22 o - @)
Lo =16 - 2000 (g
R L I Y
(@) = SE) ~ 4@ (A8)
[(2) = S1(2) + L(2) (49)

5 =20 + 10 | L22 ] o

D) =+ m(z>+f()[L—”+1] (A11)

Using Eqgs. (A4)-(A1l1), the frequency equation can be writ-
ten as

]s+l(/\5q) +

Js(Asq)
where A, = k,R.

Is +1 (Asq) — 2)\sq
LA, 1~

(A12)

Appendix B: Orthogonality Condition

Substituting the displacements in terms of normal modes
[i.e., Egs. (9) and (10)] into the governing Eqs. (4) and (5),
the orthogonality principle has to be used to eliminate the
summations. This means that all terms of the resulting equa-
tions are multipled by rR,,,(r)cos m#é, and integrated from 0
to 2 (tangential direction) and from O to R (radial direction).
Thus the orthogonality condition has the following form

R 2T
J L X, (r, 0) X,..(r, 8) r dr do (BD)
0
where
X,y = R,,(r)cos(s8) (B2)
_ A _
qu(r) - Js(ksqr) I (/\ ) I (ksqr)’ /\sq - kqu (BS)
However, since
2 7w ifs=m+0
f cos(s@)cos(m@) do = 927 ifs =m =0 (B4)
¢ 0 ifs+m
the following integral has to be determined
R
J; R, (NR,,(r)rdr (B5)

Substituting Eq. (B3) into (BS), the use of Eq. (B6) is needed.

fo A re.(Br) B, (yr) dr = B—z%
- [BSEM(BR) D.(YR) — y£.(BR) EDM(VR)] (B6)

where & and 9 are any cylindrical functions. Using Eq. (B6),
it can be found that the integral in Eq. (BS) is equal to zero

if g # n. Thus, again using Eq. (B6) along with L’ Hospital’s
rule (because ¢ = n), and the recurrence relations presented
in Appendix A, and a back substitution into the Bessel equa-
tion, the following results can be obtained.

LR rJi(k,r) dr = % {J;Z(Asq) + (1 - )\—2—> P(/\sq)} (B7)

LR ri2(k,r) dr I;z {(1 + A2> IZ(A,,) - I’Z(Asq)} (B8)

R
L rl(ker) Lk,,r) dr

R 7 ’
= {1 (M) L(hg) = Ti00,) L(Am)} (B9)

Thus, using all the obtained results, the orthogonality con-
dition reads

R pL
L J; X,(r, 0) X, (r, 8) r dr do

mQ, ifg=ns=m+0

=427Q,, ifg=ns=m=0 (B10)
0 ifg#nors +m
where
f RZ(r) r dr
P 5% 2 P 2 R2 J (qu)
=3 {Js Ay + (1 )\2) J ()\sq)} /\Sq 7.0n,)
R J2(A,
: {Is’(/\sq) Js(Asq) - ‘]S,(ASQ) IS(/\S‘Z)} + _2— I_;—E/\—%
{(1 + A_2> IZ(A,,) — 1’2()\”)} (B11)
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The increasing use of composite materials requires
a better understanding of the behavior of laminated
plates and shells for which large displacements and
rotations, as well as, shear deformations, must be
included in the analysis. Since linear theories of
shells and plates are no longer adequate for the
analysis and design of composite structures, more
refined theories are now used for such structures.

This new text develops in a systematic manner the
overall concepts of the nonlinear analysis of shell
structures. The authors start with a survey of theo-
ries for the analysis of plates and shells with small
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